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Abstract 

In this paper we analyse the perturbative aspects of Chern-Simons 
field theories in the Coulomb gauge. We show that in the perturba- 
tive expansion of the Green functions there are neither ultraviolet not 
infrared divergences. Moreover, all the radiative corrections are zero 
at any loop order. Some problems connected with the Coulomb gauge 
fixing, like the appearance of spurious singularities in the computation 
of the Feynman diagrams, are discussed and solved. The regulariza- 
tion used here for the spurious singularities can be easily applied also 
to the Yang-Mills case, which is affected by similar divergences. 
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1 Introduction 



In the recent past, the Chern-Simons (C-S) field theories ]T|, |2| have been 
intensively studied in connection with several physical and mathematical ap- 
plications [||, |J. A convenient gauge fixing for these theories is provided by 
the Coulomb gauge. As a matter of fact, despite of the presence of nontrivial 
interactions in the gauge fixed action, the calculations become considerably 
simpler than in the covariant gauges and a perturbative approach is possi- 
ble also on non-flat manifolds |J. Moreover, the dependence on the time in 
the Green functions is trivial, so that the C-S field theories can be treated 
in practice as two dimensional models. Starting from the seminal works of 
refs. [0, |] and |7|], the Coulomb gauge has been already applied in a cer- 
tain number of physical problems involving C-S based models @, f8) H|Tl|l , 
but still remains less popular than the covariant and axial gauges. One of 
the main reasons is probably the fact that there are many perplexities con- 
cerning the use of this gauge fixing, in particular in the case of the four 
dimensional Yang-Mills theories [12]|— [ 15|1 . Recently, also the consistency of 



the C-S field theories in the Coulomb gauge has been investigated using var- 



ious techniques || ||, 0, but so far a detailed perturbative analysis in 
the non-abelian case is missing. To fill this gap, the radiative corrections of 
the Green functions are computed here at any loop order and it is shown 
that they vanish identically. No regularization is needed for the ultraviolet 
and infrared divergences since, remarkably, they do not appear in the ampli- 



tudes. The present result agrees with the previous analysis of [17|], in which 
the commutation relations between the fields are proved to be trivial using 
the Dirac's canonical approach to constrained systems. It is important to 
notice that the absence of any quantum correction despite of the presence of 
nontrivial self-interactions in the Lagrangian is a peculiarity of the Coulomb 
gauge that cannot be totally expected from the fact that the theories under 
consideration are topological, as finite renormalizations of the fields and of 
the coupling constants are always possible. For instance, in the analogous 
case of the covariant gauges, only the perturbative finiteness of the C-S am- 
plitudes has been shown |18[ in a regulatization independent way exploiting 
BRST techniques [[TjJ. Indeed, a finite shift of the C-S coupling constant 



has been observed in the Feynman gauges by various authors [20, 21 



The material presented in this paper is divided as follows. In Section 
2 the C-S field theories with SU(n) gauge group are quantized using the 
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BRST approach. The Coulomb gauge constraint is weakly imposed and the 
proper Coulomb gauge is recovered suitably choosing the gauge fixing pa- 
rameter. The singularities that may appear in the perturbative calculations 
are studied in details. Ultraviolet divergences are predicted by the naive 
power counting, but it will be shown in Section 3 that they are absent in 
the perturbative expansions of the Green functions. Still there are spuri- 
ous singularities, which arise because the propagators are undamped in the 
time direction. They are completely removed with the introduction of a cut 
off in the zeroth components of the momenta. In Section 3, the quantum 
contributions to the n— point correlation functions are derived at all orders 
in perturbation theory. The one loop case is the most difficult, as nontriv- 
ial cancellations occur among different Feynman diagrams. To simplify the 
calculations, a crucial observation is proved, which drastically reduces their 
number. The total contribution of the remaining diagrams is shown to vanish 
after some algebra. The gluonic 2— point function requires some care and it 
is treated separately. At two loop, instead, any single Feynman diagram is 
identically zero. The reason is that, in order to build such diagrams, some 
components of the propagators and of the vertices are required, which are 
missing in the Coulomb gauge. At higher orders, the vanishing of the Feyn- 
man diagrams is proved by induction in the loop number N. Finally, in the 
Conclusions some open problems and future developments are discussed. 

2 Chern-Simons Field Theory in the Coulomb 
Gauge: Feynman Rules and Regularization 

The C-S action in the Coulomb gauge looks as follows: 

Scs = So + Sgf + Sfp (1) 

where 

So = ^ / d 3 xe^ {^A^A; - ±r bc A;A b u A^ (2) 
S GF = £^jd 3 x(d l A a f (3) 

and 
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S FP = ij d^xlfdi (D 1 [A] c) a (4) 

In the above equations s is a dimensionless coupling constant and the 
vector fields A a ^ represent the gauge potentials. Greek letters /i, v, p, . . . de- 
note space-time indices, while the first latin letters a, b, c, . . . = 1, . . . , iV 2 — 1 
are used for the color indices of the SU(n) gauge group with structure con- 
stants f abc . The theory is considered on the flat space-time R 3 equipped with 
the standard euclidean metric = diag(l, 1,1). The total antisymmetric 
tensor e^ vp is defined by the convention e 012 = 1. Finally, 



D ab [A] = d^ ab - f abc Al 



is the covariant derivative and A is an arbitrary gauge fixing parameter. 

In eq. (|T|) the Coulomb gauge constraint is weakly imposed and the proper 
Coulomb gauge fixing^, given by: 

8iA ai = i = l,2 (5) 

is recovered setting A = in eq. (^). 

The partition function of the CS field theory described by eq. (jl]) is: 

Z = J DADcDce iScs (6) 

and it is invariant under the BRST transformations listed below: 

= (D,[A]) a (7) 
5c a = -^TdiA ai 

Sc a = -f abc c b c c 
2 

From ([!]), it is possible to derive the Feynman rules of C-S field theory in 
the Coulomb gauge. The components of the gauge field propagator G^ u (p) 
in the Fourier space are given by: 

GJf(p) = -t**£*% ( 8) 
s p 



1 From now on, middle latin letters like &,... = 1, 2 will indicate space indices. 
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s s p H 

Ait p k 47rA p pj ' 
s p 2 s p 4 



gsS(p) = (ii) 

with p 2 = p\ while the ghost propagator Gg^(p) reads as follows: 

sab 

G » = -f (12) 

Finally, the three gluon vertex and the ghost-gluon vertex are respectively 
given by: 

r ) = -^^V™ 3 ^™^ + 9 + (13) 

and 

V™ a3 (p, g, r) = -i{2nf {q) h f™<*6®(p + q + r) (14) 

In the above equation we have only given the spatial components of the 
ghost-gluon vertex. From eq. (|j), it is in fact easy to realize that in the 
Coulomb gauge its temporal component is zero. 

At this point, a regularization should be introduced in order to handle the 
singularities that may arise in the computations of the Feynman diagrams. 
The potential divergences are of three kinds. 

1. Ultraviolet divergences (UV). The naive power counting gives the fol- 
lowing degree of divergence u(G) for a given Feynman diagram G: 

U (G) = 3 - 5 - E B - ^ (15) 

withQ 

(a) 5 = number of momenta which are not integrated inside the loops 



2 We use here the same notations of ref. 
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(b) Eb = number of external gluonic legs 

(c) Eq = number of external ghost legs 



Eq. (|I5D shows that UV divergences are possible in the two and three 



point functions, both with gluonic or ghost legs. Moreover, there is 
also a possible logarithmic divergence in the case of the four point in- 
teraction among two gluons and two ghosts. In principle, we had to 
introduce a regularization for these divergences but in practical calcu- 
lations this is not necessary. As a matter of fact, we will see in Section 
3 that there are no UV divergences in the quantum corrections of the 
Green functions. 

2. Infrared (IR) divergences. In the pure C-S field theories || there are 
no problems of infrared divergences. As a matter of fact, it can be 
seen from the Feynman rules written above that the IR behavior of 
the gluonic propagator is very mild (~ jp|). The potentially more 
dangerous IR singularities due to the ghost propagator are screened by 
the presence of the external derivative in the ghost-gluon vertex flH|). 
However, we notice that IR divergences appear in the interacting case. 
For instance, in three dimensional quantum electrodynamics coupled 
with a C-S term, the IR divergences have been discussed in refs. |], 0] . 

3. Spurious divergences. These singularities appear because the propaga- 
tors (p|)-(|T2"|) are undamped in the time direction and are typical of the 
Coulomb gauge. To regularize spurious divergences of this kind, it is 
sufficient to introduce a cutoff A > in the domain of integration over 
the variable p : 

Mo 

dp -* / dp (16) 



-Ao 

The physical situation is recovered in the limit A —>■ oo. 

As we will see, this regulatization does not cause ambiguities in the evaluation 
of the radiative corrections at any loop order. In fact, the integrations over 
the temporal components of the momenta inside the loops turn out to be 
trivial and do not interfere with the integrations over the spatial components. 
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3 Perturbative Analysis 



In this Section we compute the n— point correlation functions of C-S field 
theories at any loop order. To this purpose, we choose for simplicity the 
proper Coulomb gauge, setting A = in eq. (|3]). In this gauge the gluon- 
gluon propagator has only two nonvanishing components: 

a k 

GM = -G 0j (p) = S ab ^e 0jk ^- 2 (17) 



The presence of po remains confined in the vertices (13Q— (14]) and it is trivial 
because it is concentrated in the Dirac 5-functions expressing the momentum 
conservations. As a consequence, the CS field theory can be considered as a 
two dimensional model. 

First of all we will discuss the one loop calculations. The following ob- 
servation greatly reduces the number of diagrams to be evaluated: 

Observation: Let be a one particle irreducible (1PI) Feynman diagram 
containing only one closed loop. Then all the internal lines of are 
either ghost or gluonic lines. 

To prove the above observation, we notice that the only way to have a 
gluonic line preceding or following a ghost line inside a loop is to exploit the 
ghost-gluon vertex (13). Thus, if a one loop diagram G^ with both gluonic 



and ghost legs exists, the situation illustrated in fig. |l] should occur, in which 
at least one gluonic tree diagram T uifl2 is connected to the rest of G^ 

by gluing two of its legs, those carrying the indices u% and v<i in the figure, to 
two ghost-gluon vertices V^_ Vx and Vghz/ n - At this point, we recall that these 
vertices have only spatial components V^hh and V^hi n , «i,*2 = 1,2. As a 
consequence, since the contractions between gluonic legs are performed with 
the propagator fllTD , it is clear that the necessary condition for which the 
whole diagram G*- 1 -' does not vanish is that V\ = u n = 0. On the other side, 
this is not possible, as it is shown by fig. (0). In fact, because of the presence 
of an & vp tensor in the gluonic vertex (|13D, the most general gluonic tree 
diagrams with n legs T Vl ^ 2 „^ n _ lUn must have at least n — 1 spatial indices in 
order to be different from zero. This proves the observation. An important 
consequence is that, at one loop, the only non-vanishing diagrams occur 
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remaining part of the loop 



Figure V. The figure shows the only possible way in which a tree diagram 
Tvi^-iin-wn with n gluonic legs can be glued to another tree diagram con- 
taining also ghost legs in order to build a one loop diagram with mixed ghost 
and gluonic internal lines. 



^ 2 =1 2 



H 3 = 1 3 



n-1 "'n-1 



v , =0 



k l 1 



n-1 . 



: n-2 



Figure 2: This figure shows that in an arbitrary tree diagram T vlV2 __ Mn _ 1Vn 
constructed in terms of the gauge fields propagator ( |TTD and the three gluon 
vertex flHf ), only one component in the space-time indices z/j, i — 1, . . . , n, 
can be temporal. 
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when all the external legs are gluonic. Hence we have to evaluate only the 
diagrams describing the scattering among n gluons. 

This can be done as follows. First of all, we consider the diagrams with 
internal gluonic lines. After suitable redefinitions of the indices and of the 
momenta, it is possible to see that their total contribution is given by: 



V^(l; Pl ,..., Pn ) = C -z(2tt) 



i>n!(n-l)! 



5 (2) (Pi + - + P„) (18) 



Ql-Qn n + Ql 



9/ 



In-lln 



q?...q2 



where C = (2A ) 2n is a finite constant coming from the integration over the 
zeroth components of the momenta and 

Q2= Ql + Pl + Pn +Pn-1+ ■■■ +P3 



Ql+Pl +Pn+Pn-l + 



+Pj+1 



(19) 



qi +pi 



for j — 2, . . . , n — 1. As it is possible to see from eq. flTB), the only non- 
vanishing components of V^ 1 ;;^™ (l;pi, ■■■,p n ) are those for which ^ = z 1; 
/x 2 = i2, ■■■iHn = i n , i- e. all tensor indices fix, . . . , fj, n are spatial. 

The case of the Feynman diagrams containing ghost internal lines is more 
complicated. After some work, it is possible to distinguish two different 
contributions to the Green functions with n gluonic legs: 



«i ...i r , 



-c 



-i (2tt) 



n n\(n — 1)! 



2 

*1 ^r, 



^ (2) (Pl + ■■Vn)f aib ' lC ' 1 f a2b ' 2b ' 1 ---f anC ' lb "- 1 I d\x%f^ 



(20) 



and 



K;;C(2b; Pl ,...,p n ) = C(-ir- 1 -z(2tt) 



n n\(n — 1)! 



(21) 
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where the constant C is the result of the integration over the zeroth compo- 
nents of the momenta and it is the same of eq. (0). Apart from an overall 
sign, eqs. ( PD| ) and ( pij ) differ also by the definitions of the momenta. In 
( 20[) the variables q 2 , ...,q n are in fact given by eq. ([19]). In eq. (^l|) we have 
instead: 

q' 2 = Qi + Pi 



q[+Pi+ ••• +Pj-i 



(22) 



(ln= Ql+Pl+ ••• +Pn-1 

for j — 2, . . . , n — 1. 

To compare eq. (^l|) with (|18|) and (^) we perform the change of variables 

Qi = -q[ - Pi (23) 
in eq. fl2"T|). Exploiting eq. ( P3"D and the relation p 1 + ... +p n = 0, we obtain: 

C:C (26;ft, -,Pn) = -C'[-2(27r) 3 ]" w!( Y 1)! / aiyiCl / Ba ^ 1 ---/ anC,iy "- 1 



*1 /7* 2 /7* J+1 



n n 
Hn-1 



(24) 



where the variables q 2 , . . . ,q n are now defined as in eq. (0). At this point 
we can sum eqs. (|T8D, ( |20| ) and (^4j) together. It is easy to realize that the 
total result is zero, i. e.: 



v^x n (i;pi, ...:Pn)-Vi?.::C l (2a; j*, .-/u ■ \-;j a ' VhPi, -,Pn) = o (25) 

Still, it is not possible to conclude from eq. ( p5[ ) that there are no radiative 
corrections at one loop in C-S field theory. Let us remember in fact that eq. 
fl2"5D has been obtained from eq. fl2"T| ) after performing the shift of variables 
(p3|). This could be dangerous if there are unregulated divergences. However, 
it is not difficult to verify that each of the integrals appearing in the right 
hand sides of eqs. ©, © and (0} is IR and UV finite for n > 3. Only 
the case n = 2 needs some more care. Summing together eqs. (|T8|), (|20D and 
( |24|) for n = 2, we obtain the following result: 

V$ (l;pi,p 2 ) + V# (2a; Pl ,p 2 ) + V# (2&;p ljP2 ) = 
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(2^) 6 (2A ) 2 NS ab 5^( Pl + p 2 ) f d\ [(kipl)i qjiP ^ i] (26) 

J q 2 (q + Pi) 

where we have put q[ = q% = g. As we see, the integrand appearing in the 
rhs of (|26| ) is both IR and UV finite. Moreover, a simple computation shows 
that the integral over q is zero without the need of the shift (23). As a 
consequence, there are no contributions to the Green functions at one loop. 

Now we are ready to consider the higher order corrections. At two loop, 
a general Feynman diagram can be obtained contracting two legs of a 
tree diagram G^ with two legs of a one loop diagram G^\ As previously 
seen, the latter have only gluonic legs and their tensorial indices are all 
spatial. Consequently, in order to perform the contractions by means of the 
propagator (|17|), there should exist one component of G^ with at least two 
temporal indices, but this is impossible. To convince oneself of this fact, it 
is sufficient to look at fig. (@) and related comments. The situation does 
not improve if we build G(°> exploiting also the ghost-gluon vertex flT3|), 
because it has no temporal component. As a consequence, all the Feynman 
graphs vanish identically at two loop order. Let us notice that it is possible 
to verify their vanishing directly, since the number of two loop diagrams is 
relatively small in the Coulomb gauge and one has just to contract the space- 
time indices without performing the integrations over the internal momenta. 
However, this procedure is rather long and will not be reported here. 

Coming to the higher order computations, we notice that a diagram with 
N + 1 loops G( iV+1 ) has at least one subdiagram G^ containing N— loops. 
Supposing that G^ is identically equal to zero because it cannot be con- 
structed with the Feynman rules ([12] ) -([1^ ) and ([TTD, also G^ N+1 ^ must be 
zero. As we have seen above, there are no Feynman diagrams for N = 2. 
This is enough to prove by induction that the C-S field theories have no 
radiative corrections in the Coulomb gauge for any value of N. 



4 Conclusions 

In this paper we have proved with explicit computations that the C-S field 
theories do not have quantum corrections in the Coulomb gauge. At two loop 
order and beyond, this is a trivial consequence of the fact that it is impos- 
sible to construct nonzero Feynman diagrams starting from the vertices and 
propagators given in eqs. fll2"D-(|T3D and flT7|). At one loop, instead, nontrivial 
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cancellations occur between the different diagrams. We have also seen that 
the perturbative expansion of the Green functions is not affected by UV or 
IR divergences. Only the spurious singularities are present, which are related 
to the fact that the propagators are undamped in the time direction. They 
are similar to the singularities observed in the four dimensional Yang-Mills 



field theories ||12|| , but in the C-S case appear in a milder form. In fact, 
after the regularizarion (0), their contribution at any loop order reduces to 
a factor in the radiative corrections and does not influence the remaining 
calculations. Therefore, the results obtained here are regularization inde- 
pendent. Moreover, the vanishing of the quantum contributions described in 
Section 3 is a peculiarity of the Coulomb gauge that does not strictly depend 
from the fact that the C-S field theories are topological. An analogous situ- 
ation occurs in the light cone gauge in the presence of a boundary. In that 
case, radiative corrections arise due to the interactions of the fields with the 
boundary, but each Feynman diagram corresponding to these interactions 
vanishes identically |23| . 

In summary, our study indicates that the Coulomb gauge is a convenient 
and reliable gauge fixing, especially in the perturbative applications of C-S 
field theory. Let us remember that, despite of the fact that the theory does 
non contain degrees of freedom, the perturbative calculations play a relevant 



role, for instance in the computations of knot invariants [^T[j, [pl|— 1[27||. Con- 
trary to what happens using the covariant gauges, where it becomes more 
and more difficult to evaluate the radiative corrections as the loop number 
increases [21, 25, 28], in the Coulomb gauge only the tree level contributions 
to the Green functions survive. This feature is particularly useful in the case 
of non-flat manifolds, where the momentum representation does not exist. 
For instance, Feynman rules analogous to those given in eqs. (jjf)-(|T4]) have 



been derived also on the compact Riemann surfaces p9[ . In the future, be- 
sides the applications in knot theory, we plan to extend our work also to 
C-S field theories with non-compact gauge group, in order to include also 
the theory of quantum gravity in 2 + 1 dimensions. Moreover, most of the 
pathologies that seem to afflict the four dimensional gauge field theories, like 
spurious and infrared divergences, are also present in the C-S field theories, 
but in a milder form. As a consequence, the latter can be considered as a 
good laboratory in order to study their possible remedies. For example, it 
would be interesting to apply to the Yang-Mills case the regularization (|I"6|) 
introduced here for the spurious singularities. Let us notice that a differ- 
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ent regularization has been recently proposed in []1~5" |. Finally, the present 
analysis is limited to the pure C-S field theories and more investigations 
are necessary for the interacting case. Until now, only the models based on 
abelian C-S field theory have been studied in details, in particular the so- 
called Maxwell-Chern-Simons field theory, whose consistency in the Coulomb 
gauge has been checked with several tests 0. 
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